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This work uses Nielsen coincidence theory to discuss solutions for the geometric Borsuk–
Ulam question. It considers triples (X, τ ; Y ) where X and Y are topological spaces and
τ is a free involution on X , (X, τ ; Y ) satisﬁes the Borsuk–Ulam theorem if for any
continuous map f : X → Y there exists a point x ∈ X such that f (x) = f (τ (x)). Borsuk–
Ulam coincidence classes are deﬁned and a notion of essentiality is deﬁned. The classical
Borsuk–Ulam theorem and a version for maps between spheres are proved using this
approach.
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1. Introduction
The classical Borsuk–Ulam theorem states that for any map f : Sn → Rn there exists a point x0 ∈ Sn such that f (x0) =
f (−x0). In some recent works (see [3–6]) it has been generalized in different directions.
One possible approach is to consider triples (X, τ ; Y ) where X and Y are topological spaces and τ is a free involution
on X ; we say that (X, τ ; Y ) satisﬁes the Borsuk–Ulam theorem (shortly (X, τ ; Y ) satisﬁes BUT) if for any continuous map
f : X → Y there exists a point x ∈ X such that f (x) = f (τ (x)).
It’s clear that such property can be seen as a coincidence problem: (X, τ ; Y ) satisﬁes BUT if for any continuous map
f : X → Y the coincidence set Coin( f , f ◦ τ ) is non-empty. We will call this set Borsuk–Ulam coincidence set and denote it
as BUCoin( f ;τ ).
Such a formulation motivated the study of the Borsuk–Ulam property using Nielsen coincidence approach. This work
explores some ideas of Nielsen coincidence theory in the Borsuk–Ulam problems contexts. A new thing introduced by the
Nielsen approach is to study the Borsuk–Ulam coincidence set not for any map f : X → Y but for some speciﬁc homotopy
class of maps between such spaces. Of course this idea has nothing new for maps to the Euclidean space Rn , so it is
necessary to consider more general maps.
We will use simplicial complexes as referred to in [1] and [7]. We will denote abstract simplexes and abstract simplicial
complexes as σ and K in contrast with their geometric realizations, denoted by |σ | and |K |. For maps we will make no
difference in the notation between simplicial (abstract) maps and their geometric realizations.
2. The Hopf construction for Borsuk–Ulam coincidences
If |K | is a polyhedron (the geometric realization of a simplicial complex K ) we have a classical way to deform, by a
small homotopy, any map f : |K | → |K | to a map f ′ in a way that the set of ﬁxed points of f ′ is ﬁnite and each ﬁxed point
is located in the interior of a maximal simplex of some subdivision of K . This process is called the Hopf construction1 (see
[1, pp. 117–119]).
* Corresponding author.
E-mail addresses: fabiana_cotrim@yahoo.com.br (F.S. Cotrim), daniel@dm.ufscar.br (D. Vendrúscolo).
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involution of the barycentric subdivision of K . The same happens if we use barycentric subdivision modulo a τ -invariant
subcomplex. So if τ is free, we can suppose, using iterated barycentric subdivisions, if necessary, that for each simplex
σ ∈ K , |star(τ (σ ))| ∩ |star(σ )| = ∅, such τ will be called simplicial free involution.
Theorem2.1. Let |K | and |L| be ﬁnite homogeneous n-dimensional polyhedra, τ : K → K a simplicial free involution and f : |K | → |L|
amap. For each  > 0 there exist reﬁnements K ′ of K , obtained by reiterated barycentric subdivisionmodulo τ -invariant subcomplexes,
and L′ of L and a map f ′ : |K | → |L| such that:
(1) d( f , f ′) <  ,
(2) the map f ′ is simplicial,
(3) the set BUCoin( f ′;τ ) is ﬁnite,
(4) each point in BUCoin(| f ′|;τ ) is contained in a different maximal simplex of K ′ .
Proof. Take a reﬁnement L′ of L such that mesh(L′) < 4n .
The simplicial approximation theorem can be applied to obtain a simplicial map f1 : K ′ → L′ . The simplicial complex K ′
is obtained by reiterated barycentric subdivisions of K so the involution τ is simplicial on K ′ and f1 ◦ τ is simplicial too.
Let 0 k n be an integer such that there are no Borsuk–Ulam coincidences located in l-simplexes with l < k and σ ∈ K
be a k-simplex with at least one Borsuk–Ulam coincidence in its interior. We deﬁne Q = K \ (star(σ ) ∪ τ (star(σ ))) and KQ
is the barycentric subdivision modulo Q of K .
The subcomplex Q is τ invariant so τ is simplicial on KQ . We will now deﬁne a map f2 on the 0-simplexes of KQ as
follows:
(1) if v ∈ Q we deﬁne f2(v) = f1(v),
(2) if v ∈ star(σ ) we choose a maximal simplex φ on L′ such that f1(σ ) ⊂ φ and deﬁne f2(v) as any vertex of φ \ f1(σ )
(σ is not maximal and both complexes are regular and n-dimensional, so this set is non-empty),
(3) if v ∈ τ (star(σ )) we deﬁne f2(v) as a vertex of f1(τ (σ )).
It is easy to see that f2 can be extended, in the usual way, to a map f2 : KQ → L′ , homotopic to f1 and d( f1, f2) < 2n ,
moreover f2 has no Borsuk–Ulam coincidences in σ and no Borsuk–Ulam coincidence was created in any l-simplex for l < k.
The simplicial complex K is n-dimensional and ﬁnite, repeat this construction for all k-simplexes with Borsuk–Ulam
coincidences and then, by induction, we obtain a map f ′ as desired. 
Remark 2.2. In each step of this construction we reﬁne the triangulation of K in the simplexes that have a Borsuk–Ulam
coincidence in their faces and we deﬁne f2 in a different way to f1 just in the new vertices created in such a subdivision.
We note that we could do this reﬁnement over any τ invariant subcomplex of K , for simplex that has no Borsuk–Ulam
coincidence in its faces it will be enough, for each new vertex created, to deﬁne f2 as some vertex in the image of the
simplex of K that contains such new vertex (as was done for v ∈ τ (star(σ ))). In this way the map f ′ obtained will have the
same properties.
Remark 2.3. The same process can be done, with the same result, if |L| has dimension greater then the dimension of |K |.
3. Borsuk–Ulam coincidence ﬁnite homotopies
In [7] following three statements were shown:
Theorem 3.1. ([7, Theorem 2]) Let F be a homotopy between two selfmaps f0 and f1 of a polyhedron |K |, let f0 and f1 be ﬁx-ﬁnite,
and let all their ﬁxed points be contained in maximal simplexes. Given  > 0, there exists a homotopy F ′ from f0 to f1 such that:
(1) F ′ is ﬁx-ﬁnite,
(2) all ﬁxed points of F ′ are contained in maximal simplexes or hyperfaces of |K |,
(3) d(F , F ′) <  .
Proposition 3.2. ([7, Proposition 1]) The homotopy F ′ in Theorem 3.1 can be chosen so that Fix(F ′) is a one-dimensional ﬁnite poly-
hedron in |K | × I without horizontal edges.
Proposition 3.3. ([7, Proposition 2]) Let e be an edge of Fix(F ′). Then the index of f ′t along e is constant, i.e.,
ind
(
f ′t (x)
)= ind( f ′s(y)) if (x, t) ∈ e and (y, s) ∈ e.
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homogeneous polyhedra of the same dimension (for manifolds see [2]), and that the third (Proposition 3.3) can be stated
and proved for orientable manifolds.
In this section we prove a version of such results for Borsuk–Ulam coincidences. We note that if τ is a simplicial
free involution on K it is possible to construct a triangulation P of |K | × I in such a way that for each simplex σ˜ ∈ P
there exists a simplex σ ∈ K such that π(σ˜ ) = σ where π : |K | × I → |K | is the natural projection. In this case the map
τ ′ : |K | × I → |K | × I given by τ ′(x, s) = (τ (x), s) is a simplicial free involution.
Deﬁnition 3.4. We say that a homotopy F : |K |× I → |L| is Borsuk–Ulam coincidence ﬁnite if for each s ∈ I the Borsuk–Ulam
coincidence set BUCoin(F (·, s);τ ′) is ﬁnite.
Theorem 3.5 (Hopf construction for homotopies). Let |K | and |L| be closed n-manifolds, K and L triangulations of |K | and |L| respec-
tively, τ a simplicial free involution of K and a homotopy F : |K | × I → |L|. Suppose that F (x,0) and F (x,1) have a ﬁnite number of
Borsuk–Ulam coincidences all of them located in the interior of maximal simplexes of K . Then given  > 0 there exists a homotopy F ′
between F (x,0) and F (x,1) such that:
(1) F ′ is Borsuk–Ulam coincidence ﬁnite,
(2) the projection of each point in BUCoin(F (·, s);τ ′) is contained either in a maximal simplex or in a face of a maximal simplex of K ,
(3) F ′ is an -deformation of F .
Proof. We will follow the steps used in [7].
Step 1: For each map F (x, j) : |K | → |L|, j = 0,1, construction of Borsuk–Ulam ﬁnite homotopy to a simplicial map f ′j .
Step 2: Construction of Borsuk–Ulam coincidence ﬁnite homotopy between the two simplicial maps f ′0 and f ′1.
Step 3: Construction of Borsuk–Ulam coincidence ﬁnite homotopy between F (x,0) and F (x,1) using Steps 1 and 2.
Step 1.
Lemma 3.6. Let |K | and |L| be closed n-manifolds, K and L triangulations of |K | and |L| respectively, τ a simplicial free involution of
K and f : |K | → |L|. Suppose that f has a ﬁnite number of Borsuk–Ulam coincidences all of them located in the interior of maximal
simplexes of K . Then given  > 0 there exist:
• a reﬁnement L′ of L,
• a reﬁnement K ′ of K ,
• a simplicial map f ′ : K ′ → L′ ,
• a homotopy F between f and f ′ ,
such that
(1) the map f ′ is Borsuk–Ulam coincidence ﬁnite and each of such point is contained in a different maximal simplex of K ′ ,
(2) F is Borsuk–Ulam coincidence ﬁnite and the projection of each point in BUCoin(F (·, s);τ ′) is contained either in a maximal
simplex or in a face of a maximal simplex of K ,
(3) f ′ is homotopic to f and d( f , f ′) <  .
Proof. It will be done in two parts.
In the ﬁrst part we construct a map f ′′ ( 2 )-homotopic to f , by a homotopy F
′′ such that the Borsuk–Ulam coincidence
points of f ′′ are contained in maximal simplex of any reﬁnement of K and all the projection of the Borsuk–Ulam coincidence
points of the F ′′ are in maximal simplexes of K .
In the second part we will deform, by a “nice” homotopy, the map f ′′ into a simplicial map and put those homotopies
together.
First part of Step 1. The Borsuk–Ulam coincidence set of f is ﬁnite, so it can be described as
BUCoin( f ;τ ) = {c1, τ (c1), . . . , cl, τ (cl)}.
Since |L| is a manifold we can choose 0< β < 8 and γ > 0 such that:
• the open balls B(c j, γ ) are disjoint,
• each B(c j, γ ) is contained in the maximal simplex of K that contains c j ,
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• ( f ◦ τ )(B(c j, γ )) ⊂ B( f (c j), β2 ).
Using [7, Lemma 2], for each j = 1, . . . , l we can choose a point c′j ∈ B(c j, γ ) contained in a maximal simplex of any
reﬁnement of K .
If x ∈ B(c j, γ ) \ {c′j} let y be the point in with the ray from c′j to x intersects the boundary of B(c j, γ ) and z the point
on the segment from c j to y for which
d(c j, z) = d(c j, y)
d(c′j, y)
· d(c′j, x).
To deﬁne a map f ′′ : B(c j, γ ) → B( f (c j), β) determine f ′′ for x = c′j by
−−−−−−−−−→
f
(
c′j
)
f ′′(x) = −−−−−−−−−−−−−−→f (c′j)( f ◦ τ )(x) + −−−−−−−−−−−−−→( f ◦ τ )(z) f (z)
and also f ′′(c′j) = f ◦ τ (c′j).
Now deﬁne f ′′ : |K | → |L| by
f ′′(x) =
{
f ′′(x), if x ∈⋃ j=1,...,l B(c j, γ ),
f (x), otherwise.
The map f ′′ is continuous and BUCoin( f ′′;τ ) = {c′1, τ (c′1), . . . , c′l , τ (c′l)}.
Deﬁne the homotopy F ′′ between f and f ′′ as a linear homotopy. It is easy to see that F ′′ is Borsuk–Ulam coincidence
ﬁnite.
Second part of Step 1. Chose 0< ρ < 64 , δ > 0 and 0< η < 2ρ such that:
• the open balls B(c′j, δ) are disjoint,
• for B(c′j, δ) is contained in the maximal simplex of K ′ that contains c′j ,
• f ′′(B(c′j, δ)) ⊂ B( f ′′(c′j),ρ),
• ( f ′′ ◦ τ )(B(c′j, δ)) ⊂ B( f ′′(c′j),ρ),
• d( f ′′(x), ( f ′′ ◦ τ )(x)) η if d(x,BUCoin( f ′′;τ )) δ,
and chose L′ a reﬁnement of L such that
mesh
(
L′
)
min
{
δ,
η
4n + 2
}
.
Let f  be one simplicial approximation of f ′ : |K | → |L′|. The map f  applies a reﬁnement K0 of K in L′ .
We use the Hopf construction in f  (Theorem 2.1) to obtain a map f ′ : K ′ → L′ where K ′ is a reﬁnement of K0. Moreover
BUCoin( f ′′;τ ) is ﬁnite and each of its points is located in a maximal simplex of K ′ and d( f , f ′) (2n)mesh(L′).
Since d( f ′′, f )mesh(L′) we have
d
(
f ′′, f ′
)
 (2n + 1)mesh(L′)< η.
Now we need to deﬁne a homotopy F  between f ′′ and f ′ .
If x /∈⋃ j=1,...,l B(c′j, δ) then f ′(x) = f (x), so we can deﬁne F  as a linear homotopy for such x.
In this case d(x,BUCoin( f ′′;τ )) > δ then d( f ′′(x), ( f ′′ ◦τ )(x)) η, since d( f ′′, f ′) < η it is clear that F (x, s) = F (τ (x), s)
for all x /∈⋃ j=1,...,l B(c′j, δ) and s ∈ I .
The homotopy F  is already deﬁned on ∂(B(c′j, δ)) × I for each j and satisﬁes
d
(
f ′′
(
c′j
)
, F (x, t)
)
 d
(
f ′′
(
c′j
)
, f ′′(x)
)+ d( f ′′(x), f ′(x))
 ρ + η
2
 2ρ.
Deﬁne F (x,0) = f ′′(x) and F (x,1) = f ′(x) for all x ∈ B(c′j, δ).
For each j, F  is deﬁned in ∂(B(c′j, δ) × I), has values in B( f ′′(c′j),2ρ) and its Borsuk–Ulam coincidence set consists of
the point (c′ ,0) and a ﬁnite number of points in B(c′ , δ) × {1}.j j
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intersects ∂(B(c′j, δ) × I). Deﬁne F (x, t) by
−−−−−−−−−−−−→
f ′′
(
c′j
)
F (x, t) = −−−−−−−−−−−−−−−−→f ′′(c′j)( f ′′ ◦ τ )(x) + λ−−−−−−−−−−−−−−−−−→( f ′′ ◦ τ )(y)F (y, s),
where λ = d(c˜ j ,x˜)d(c˜ j , y˜) ; to ﬁnish, deﬁne F (c˜ j) = f ′′(c′j).
It is easy to verify that if (x, t) ∈ (B(c′j, δ) × I) then F (x, t) ∈ B( f ′′(c′j,4ρ)).
To ﬁnish the lemma we just deﬁne:
F ′(x, t) =
{
F ′′(x,2t), if 0 t  1/2,
F (x,2t − 1), if 1/2 t  1.
By construction F ′ is Borsuk–Ulam coincidence ﬁnite. 
We observe that we can do Step 1 for F (x,0) and F (x,1) simultaneously, we just need to choose a subdivision L′ of L
such that mesh(L′) is suﬃciently small.
In the process to obtain a simplicial approximation of a map we need to make a succession of barycentric subdivisions of
the domain of such a map, the number of subdivision can be as large as we wish. So we can suppose that the reﬁnements
used to obtain the simplicial approximations for the two maps (F (x,0) and F (x,1)) on Lemma 3.6 are the same.
Such considerations and Remark 2.2 allow us to suppose that the simplicial complex K ′ , obtained at the end of
Lemma 3.6, is the same for both maps F (x,0) and F (x,1).
To apply the ideas of [7] on Step 2 we will need to deﬁne a special subdivision of some speciﬁc triangulation of the
simplicial complex K × I .
Suppose that P is a simplicial complex such that |P | = |K | × I and that for each simplex σ˜ ∈ P there exists a simplex
σ ∈ K such that π(σ˜ ) = σ where π : |K | × I → |K | is the natural projection. It is not diﬃcult to see that, given a trian-
gulation K , it is possible to construct a triangulation of |K | × I with such properties. A triangulation of |K | × I with such
properties will be called Cartesian triangulation.
Let K1 be the ﬁrst barycentric subdivision of K .
For each simplex σ ∈ K there exists a vertex v(σ ) ∈ K1. For each simplex σ˜ ∈ P such that π(σ˜ ) = σ let v(σ˜ ) be the
central point of the segment |σ˜ | ∩ (v(σ ) × I).
The simplicial complex P1 obtained by all vertices {v(σ˜ ) | σ˜ ∈ P } and all simplexes {v(σ˜0), . . . , v(σ˜s)} such that σ˜i ⊂ σ˜ j
or σ˜ j ⊂ σ˜i , i, j = 0, . . . , s, is the ﬁrst Cartesian barycentric subdivision of P . We deﬁne, as usual, the r-th Cartesian barycen-
tric subdivision of P and the Cartesian barycentric subdivision modulo a subcomplex of P .
In fact, as an abstract simplicial complex, the Cartesian barycentric subdivision is exactly the same as the traditional
barycentric subdivision, but the geometric realization is not the same, despite that the successive Cartesian barycentric
subdivision has the property that its diameter tends to zero.
If τ is a simplicial free involution on a simplicial complex K , and P is a Cartesian triangulation of |K | × I it is easy to
see that τ ′ : |P | → |P |, deﬁned by τ ′(x, t) = (τ (x), t), is a free simplicial involution of any Cartesian barycentric subdivision
of P (or any Cartesian barycentric subdivision modulo a τ ′ invariant subcomplex of P ).
Step 2.
Lemma 3.7. Suppose K ′ , L′ , f0 and f1 are obtained by the simultaneous application of Lemma 3.6 to the maps F (x,0) and F (x,1)
described in Theorem 3.5. Then there exists a homotopy F ′ between f0 and f1 such that:
(1) F ′ is Borsuk–Ulam coincidence ﬁnite,
(2) the projection of each point in BUCoin(F (·, s);τ ′) is contained either in a maximal simplex or in a face of a maximal simplex of K ,
(3) F ′ is homotopic (as a map) to F and d(F ′, F ) < 2 .
Proof. Let P be a Cartesian triangulation of |K ′| × I . Such a triangulation contains K ′ × {0} and K ′ × {1} as subcomplexes.
Using the same idea as in [8, Theorem 2.5.20, p. 55] we can obtain a Cartesian subdivision P ′ of P modulo (|K ′|×{0})∪(K ′ ×
{1}) and a simplicial approximation Fs : |P ′| → |L′| of F such that Fs = F in (|K ′|× {0})∪ (K ′ × {1}) and d(F , F ′′) <mesh(L′).
Repeating the proof of Theorem 2.1 for the simplexes of P ′ with dimension less than n, using Cartesian barycentric
subdivisions (see Remark 2.3), we obtain a homotopy Fn : |P ′′| → |L′|, where P ′′ is a Cartesian barycentric subdivision of P ′ ,
that is simplicial and has no Borsuk–Ulam coincidence in simplexes of dimension less then n.
The homotopy Fn is simplicial so if σ is an n-simplex of P ′′ with a Borsuk–Ulam coincidence cσ then |σ | ∩
BUCoin(Fn;τ ′) = cσ because Fn is linear on σ .
Now let σ be an (n+ 1)-simplex of P ′′ . The boundary of σ can have only a ﬁnite number of Borsuk–Ulam coincidences.
If such number is zero, σ has, at most, one Borsuk–Ulam coincidence in its interior.
When ∂σ ∩ BUCoin(Fn;τ ′) = {c˜1, . . . , c˜r} where c˜ j = (c j, t j), we choose c˜0 = (c0, t0) ∈ |σ | with t0 = t j , j = 1, . . . , r and
for any x˜ = (x, t) ∈ (|σ | \ x˜0) let y˜ = (y,w) be the point where the ray from x˜0 to x˜ intersects ∂σ .
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−−−−−−−−−−→
Fn(x˜0)F
′
1(x˜) =
−−−−−−−−−−−−−−−→
Fn(x˜0)
(
Fn ◦ τ ′
)
(x˜) + λ−−−−−−−−−−−−−−−−→(Fn ◦ τ ′)( y˜)Fn( y˜)
where λ = d(x˜0,x˜)d(x˜0, y˜) .
The set BUCoin(F ′1;τ ′) ∩ |σ | is the union of the segments from {c˜1, . . . , c˜r} to x˜0.
If we carry out such a construction over all (n+ 1)-simplexes with Borsuk–Ulam coincidences on their boundary we will
obtain a homotopy F ′ from f0 to f1.
By construction F ′ is Borsuk–Ulam coincidence ﬁnite and
d
(
F , F ′
)
 d(F , Fs) + d
(
Fs, F
′)
<mesh
(
L′
)+ (2n)mesh(L′)
= (2n + 1)mesh(L′)
<

2
. 
Step 3. To ﬁnish the proof of Theorem 3.5 we need just to construct a homotopy putting together the homotopies con-
structed in Steps 1 and 2 as done in [7]. 
Corollary 3.8. The homotopy F ′ in Theorem 3.5 can be chosen so that BUCoin(F ′;τ ′) is a one-dimensional ﬁnite polyhedron in |K |× I
without horizontal edges.
Corollary 3.9. Let e be and edge of BUCoin(F ′;τ ′). If an index of coincidences is deﬁned then the index of Coin(F ′, (F ′ ◦ τ ′)) along e
is constant, i.e.,
ind
(
F ′,
(
F ′ ◦ τ ′); (x, tx))= ind(F ′, (F ′ ◦ τ ′); (y, t y))
if (x, tx) ∈ e and (y, t y) ∈ e.
4. A Nielsen–Borsuk–Ulam theory
Classical Nielsen coincidence theory deﬁnes coincidence classes and discusses the essentiality of such classes, usually
using some index. It is well established for maps between orientable manifolds of the same dimension. In such context we
can deﬁne an index for compact subsets of the coincidence set of a pair of maps, f , g , which is an integer, ind( f , g; K ), for
K ⊂ Coin( f , g), compact (see [9]).
Deﬁnition 4.1. Let (X, τ ; Y ) be a triple where X , Y are ﬁnite n-dimensional complexes, τ is a free simplicial involution on
X for any map f : X → Y with Coin( f , f ◦ τ ) = {x1, τ (x1), . . . , xm, τ (xm)}. We deﬁne the Borsuk–Ulam coincidence set for
the map f , as the set of pairs:
BUCoin( f ;τ ) = {(x1, τ (x1)); . . . ; (xm, τ (xm))}
and we say that two pairs (xi, τ (xi)), (x j, τ (x j)) are in the same BU-coincidence class if there exists a path γ from a point
in {xi, τ (xi)} to a point in {x j, τ (x j)} such that f ◦ γ is homotopic to f ◦ τ ◦ γ with ﬁxed endpoints.
The following propositions are easy to prove.
Proposition 4.2. If γ is a path from xi to x j such that f ◦ γ is homotopic to f ◦ τ ◦ γ with ﬁxed endpoints then τ ◦ γ is a path from
τ (xi) to τ (x j) such that f ◦ γ is homotopic to f ◦ τ ◦ γ with ﬁxed endpoints.
Proposition 4.3. If C is a usual Nielsen coincidence class for the pair ( f , f ◦ τ ) then there exists a BU-coincidence class C such that
C ⊆ C .
Suppose X and Y are compact connected orientable triangulable n-manifolds, τ a free involution on X and f : X → Y a
continuous map. In this context a BU-coincidence class C of f that disappears by a homotopy must have index zero; which
means that if C can be realized by a ﬁnite number of Borsuk–Ulam coincidences for a map f ′ homotopic to f the sum of
the local coincidence indexes of all points in C must be zero.
For an isolated Borsuk–Ulam coincidence c of a map f we have that:
ind( f , f ◦ τ ; c) =
{
ind( f , f ◦ τ ;τ (c)) if τ preserves orientation,
−ind( f , f ◦ τ ;τ (c)) if τ reverses orientation.
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((i1, i′1); . . . ; (il, i′l)), where i j = ind( f , f ◦τ ; c j) and i′j = ind( f , f ◦τ ;τ (c j)). This sequence will be named a signature (Σ(C))
for C .
The sequence ((0,0); . . . ; (0,0)) with any quantity of elements is called null-signature.
For a sequence of pairs of integers ((i1, i′1); . . . ; (il, i′l)), where is = ±i′s we deﬁne:
• A split from ((i1, i′1); . . . ; (il, i′l)) is a sequence (( j1, j′1); . . . ; ( jr, j′r)) such that:
(1) r > l,
(2) js = ± j′s , s = 1, . . . , r,
(3) there exists a partition {σ1, . . . , σl} of {1, . . . , r}, such that ∑k∈σs jk = is and ∑k∈σs j′k = i′s .• A join from ((i1, i′1); . . . ; (il, i′l)) is a sequence (( j1, j′1); . . . ; ( jr, j′r)) that can be used to produce ((i1, i′1); . . . ; (il, i′l)) by
a split.
• A blend from ((i1, i′1); . . . ; (il, i′l)) is a sequence (( j1, j′1); . . . ; ( jl, j′l)) obtained by a permutation of is and i′s for some
s ∈ {1, . . . , l}.
Lemma 4.5. If f is homotopic to f ′ by a homotopy F and the BU-coincidence class C of f is related, by F , to the BU-coincidence class
C ′ then Σ(C ′) can be obtained from Σ(C) by a ﬁnite number of splits, joins and blends.
Proof. We apply Theorem 3.5, Corollaries 3.8 and 3.9 and note that:
• a split in the signature of C corresponds to a vertex of the graph of Borsuk–Ulam coincidence set of the homotopy,
where one edge splits in a ﬁnite number of edges. Geometrically it corresponds to a local homotopy that transforms
one Borsuk–Ulam coincidence in a ﬁnite number of Borsuk–Ulam coincidences, all in the same class,
• a join in the signature is the same as a split but in the inverse sense. Geometrically we are “putting” together many
Borsuk–Ulam coincidences of the same class,
• the blend is just a change of order in the points of C .
In fact splits, joins and blends correspond to the arrangements that happen with the points of BUCoin(F ;τ ′) during the
homotopy F . It is important to remember that the Nielsen coincidence theory shows that is impossible to join two points
from different Nielsen classes into the same coincidence point, so all these “moves” are restricted to the same Nielsen
class. 
Lemma 4.6. If f is homotopic to f ′ by a homotopy F and the BU-coincidence class C of f disappears during F then the null-signature
can be obtained by a ﬁnite number of splits, joins and blends from Σ(C).
Proof. To disappear during F the points related to C in the graph of BUCoin(F , τ ′) must form a graph which do not
intersects X × {1}, it means that at some level all points of such graph are removed by a local homotopy. It is possible only
if all those points have local indexes equal to zero. 
Theorem 4.7. Let X and Y be closed orientable triangulable n-manifolds, τ a free involution on X and f : X → Y a continuous map.
Suppose that BUCoin( f ;τ ) is ﬁnite. If there exists a map f ′ homotopic to f such that BUCoin( f ′;τ ) = ∅, then for each BU-coincidence
class C = {c1, τ (c1), . . . , cl, τ (cl)} there exists a sequence of splits, joins and blends from Σ(C) that produces a null-signature.
Proof. Just apply Lemma 4.6 to all Borsuk–Ulam coincidence classes of f . 
5. Applications
Lemma 5.1. If C is a BU-coincidence class with a signature ((i1, i′1); . . . ; (il, i′l)), such that
∑l
s=1 is is odd, then C is essential, i.e. it
cannot disappear by homotopies.
Proof. Suppose that the signature (( j1, j′1); . . . ; ( jr, j′r)) as obtained from ((i1, i′1); . . . ; (il, i′l)) by a ﬁnite number of splits,
joins and blends, it is easy to see that:
l∑
s=1
is ≡
r∑
s=1
js mod 2
so under the hypothesis of the lemma, it is not possible to produce the null-signature from Σ(C), by Lemma 4.6 we obtain
the result. 
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coincidence).
Proof. Consider the projection p of Sn in its ﬁrst coordinate. The map p has exactly one pair of Borsuk–Ulam coincidence
{(1,0, . . . ,0), (−1,0, . . . ,0)} and the local indexes for such points are 1 and −1. So the signature of such class is ((1,−1)),
apply Lemma 5.1. 
Theorem 5.3. Let f : Sn → Sn be a continuous map, then there exists a map f ′ homotopic to f such that f ′(x) = f ′(−x) if and only
if deg( f ) is odd.
Proof. We need just to ﬁnd good “models” for each homotopy class of maps between spheres. The homotopy classes of
such maps are classiﬁed by degree.
For maps with odd degree choose the map f : S1 → S1 given by f (eiθ ) = ei(2k+1)θ , those maps have no Borsuk–Ulam
coincidences and the suspension of them shows that the result is true for odd degree maps in any dimension.
For zero degree map the construction in the proof of Borsuk–Ulam theorem can be used to show that any zero degree
map between spheres of the same dimension has an antipodal coincidence. It is easy to deﬁne a projection of Sn in Sn with
the same properties of the map p deﬁned in Theorem 5.2.
For maps with non-zero, even degree deﬁne φ : [0,π ] → [0,π ] given by φ(θ) = ( θπ )2 and
f
(
eiθ
)=
{
ei((2k)θ+φ(θ)) if θ ∈ [0,π ],
ei(2k)θ if θ ∈ [π,2π ].
The map f has degree 2k and has only two antipodal coincidences 0 and π . For both, the local index is 1. The suspension
of such map to Sn , has exact one pair of antipodal coincidence (at the one-dimensional equator) and the signature for this
BU-coincidence class C is:
Σ(C) =
{
((1,1)) if n is odd,
((1,−1)) if n is even.
In both cases we apply Lemma 5.1. 
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